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a b s t r a c t
We have revisited the Szeged index (Sz) and the revised Szeged index (Sz∗), both of which
represent a generalization of the Wiener number to cyclic structures. Unexpectedly we
found that the quotient of the two indices offers a novelmeasure for characterization of the
degree of bipartivity of networks, that is, offers a measure of the departure of a network, or
a graph, from bipartite networks or bipartite graphs, respectively. This is because the two
indices assume the same values for bipartite graphs and different values for non-bipartite
graphs. We have proposed therefore the quotient Sz/Sz∗ as ameasure of bipartivity. In this
note we report on some properties of the revised Szeged index and the quotient Sz/Sz∗
illustrated on a number of smaller graphs as models of networks.
© 2010 Elsevier B.V. All rights reserved.
1. Motivation
Graph invariants, widely studied inmathematical chemistry, are of interest in structural, physical, organic andmedicinal
chemistry because they offer useful molecular descriptors for structure–property and structure–activity studies. Often they
are derived from molecular graphs by considering various structural elements, often in an ad hoc manner. Interestingly
many conceptually simple and computationally straightforward molecular descriptors, among the oldest so constructed,
continue to offer satisfactory structure–property–activity correlations. Such are the path numbers of Platt [30], the Wiener
number W [50,13,34], the ‘‘topological’’ index Z of Hosoya [18] the connectivity index of Randić [35], and the path/walks
shape indices of Randić [36]. The Wiener number appears to be the first non-trivial molecular descriptor to be used in
structure–property correlations, a clear structural interpretation of which is still somewhat elusive. The Wiener number
W , which has attracted considerable attention, particularly during the last two decades, continues to be investigated
[24,12,53,15]. Wiener has defined it only for acyclic structures. It can be simply calculated, as outlined by Wiener, by
summing the bond contributions obtained by multiplying the number of atoms on each side of each bond.
Interestingly, Hosoya [18] noticed that W can be obtained simply from the distance matrix of a graph by summing all
entries in the matrix above the main diagonal. The distance matrix of a graph has been introduced in graph theory by
Harary [16]. The (i, j) matrix element of the distance matrix D of a graph has been defined as the length of the shortest
path between vertices i and j, that is the number of edges between vertices i and j. In view of the Wiener number not being
defined for cyclic graphs, the use of distance matrices offers alternative routes to its generalization to cyclic structures. A
straightforward approach is to follow the Hosoya relationship of the Wiener number and distance matrix, valid strictly for
acyclic graphs, and construct the distance matrix of cyclic graphs and add the entries of the distance matrix above the main
diagonal. However, there are other possibilities for generalizing Wiener number to cyclic graphs, including the use of an
alternative metric, for example, the distance–resistance matrix [22,9,20].
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In this contribution we will re-examine a particular generalization ofW of Gutman [13], who starts from the definition
ofW as described by H . Wiener in his seminal work obtained it as a bond additive quantity, from contributions obtained by
multiplying the number of atoms on each side of each bond. The same approach, again restricted to acyclic structures, has
been used for the construction of the so called hyper-Wiener number WW [37,42,43,21]. There, the element (i, j) is given
as the product of the number of atoms on one side of the path between vertices i and j. This particular generalization can
also be applied to the Szeged index of Gutman [13], and the revised Szeged index [34].
Gutman has generalized the Wiener number for cyclic graphs by replacing the original wording of Wiener ‘‘as a bond
additive quantity, by adding contributions obtained by multiplying the number of atoms on each side of each bond’’ by ‘‘adding
contributions obtained by multiplying the number of atoms closer to each of the atoms forming a bond’’. The modified definition,
which in the case of acyclic graphs is equivalent to the original definition ofWiener, has the advantage that it can be applied
to cyclic graphs. It partitions vertices into those closer to one or the other terminal atoms of a bond, and those at an equal
distance. The novel generalization ofW when applied to cyclic structures has been known as the Szeged index. Observe that
in the construction of the Szeged index, atoms that are at equal distance from both ends of a bond make no contribution to
the Szeged index.
The Szeged index attracted attention not only in chemical graph theory but also in selected mathematical circles
[14,51,3,52]. In applications to structure–property correlations, however, it did not produce satisfactory results [19]. This
may have been disappointing in view of its mathematical elegance, but the modification that followed visibly improved
its performance and did not disturb its elegance. The basic criterion for acceptance of mathematical descriptors for
structure–property–activity studies is their performance.What saved the Szeged index fromoblivion is a recentmodification
of the Szeged index, in which atoms that are at equal distances from the both ends of a bond are taken into account,
rather than being ignored. This produced better correlation with boiling points in cyclo-alkanes than the original index [34],
because of the preservation of size consistency, which is reflected in the fact that the magnitudes of the index are similar
for molecules having the same number of atoms whether they have even or odd rings. This modification has been referred
to as the revised Szeged index, here denoted as Sz∗.
2. The revised Szeged index
In this contribution we will report on some properties of the revised Szeged index. Let us start with the Wiener index
and let T be a tree. Let e = u ∼ v be any of its edges joining adjacent vertices u and v. Let n(u; v) denote the number of
vertices that are closer to u than to v and similarly, let n(v; u) denote the number of vertices that are closer to v than to u.
The Wiener indexW (T ) of T can be computed as follows:




Hosoya has already shown that for any tree this definition is equivalent to the following [13]:




where d(u; v) is the usual distance in connected graphs and the summation is taken over all unordered pairs of vertices of
T . BecauseWiener never applied his index to connected graphs that are not trees, one can extend his definition to graphs in
different ways, the only restriction being that it should behave as theWiener index on trees. Usually, one defines theWiener
index of a graph G as









is called the Szeged index of a graph [13]. In [34] Randić proposed amodification of the Szeged index and called the resulting
index the revisedWiener index. However, we feel that the newly described index arises from the Szeged index and therefore
should be called the revised Szeged index Sz∗(G). Let o(u; v) = o(v; u), the number of vertices of the same distance from u




(n(u; v)+ (1/2)o(u; v))(n(v; u)+ (1/2)o(v; u)).
3. Results
Theorem 1. For a connected graph G we have
Sz(G) ≤ Sz∗(G).
The equality holds if and only if G is bipartite.
1938 T. Pisanski, M. Randić / Discrete Applied Mathematics 158 (2010) 1936–1944




n(u; v)n(v; u) ≤
−
u∼v∈E(T )
(n(u; v)+ (1/2)o(u; v))(n(v; u)+ (1/2)o(v; u)) = Sz∗(G).
The equality holds if and only if o(u; v) = 0 for all edges u ∼ v. If o(u; v) > 0 then the edge must be a part of an odd cycle.
Hence, if a graph is bipartite, the equality holds. If the graph is not bipartite, then there must exist at least one edge lying on
an odd cycle such that there is one vertex opposite to the edge and at the same distance from u and v.
Theorem 2. For a tree T the three indices are the same:
W (T ) = Sz(T ) = Sz∗(T ).
The difference between the revised Szeged index and the original Szeged index may be quite large. Take, for instance, the
complete graph Kn. The revised Szeged index is in this case equal to
Sz∗(Kn) = n3(n− 1)/8 whileW (Kn) = Sz(Kn) = n(n− 1)/2.
The quotient between the revised Szeged index and the original index is hence n2. In [24] the authors have used symmetry
of graphs in order to simplify the calculation of the Wiener index of a graph. In [52], the process has been repeated for the
Szeged index. Unfortunately, a series of arithmetic errors led to a number of false results. Here we carry these ideas over to
the revised Szeged index and in passing correct some errors of Ref. [52].
4. Szeged and revised Szeged indices in the Cartesian product of graphs





Then I(G) is a topological index. The following short table gives the arc function i(u, v,G) for different choices of i(u, v,G),
listing different topological indices:
Szeged index [13]: i(u, v,G) = n(u, v).
Connectivity index [35]: i(u, v,G) = 1/(deg(u))1/2.
Revised Szeged index [34]: i(u, v,G) = n(u, v)+ (1/2)o(u, v).
5. Closed formulas for the three indices for several families of graphs
For several families of graphs the three indices considered can be given by closed formulas in terms of the number of
vertices. The results for trees, bipartite graphs and Cartesian products can be presented in a similar manner.
1. Complete graph:
W (Kn) = n(n− 1)/2; Sz(Kn) = n(n− 1)/2; Sz∗(Kn) = n3(n− 1)/8.
2. Complete multipartite graph:
W (Kn,n,...,n) = nr(nr + n−2)/2; Sz(Kn,n,...,n) = r(r − 1)n4/2; Sz∗(Kn,n,...,n) = r3(r − 1)n4/8.
3. Path graph:
W (Pn) = (n3 − n)/6; Sz(Pn) = (n3 − n)/6; Sz∗(Pn) = (n3 − n)/6.
4.1. Cycle graph—n even:
W (Cn) = n3/8; Sz(Cn) = n3/4; Sz∗(Cn) = n3/4.
4.2. Cycle graph—n odd:
W (Cn) = n(n2 − 1)/8; Sz(Cn) = n(n− 1)2/4; Sz∗(Cn) = n3/4.
5. Hypercube graph:
W (Qn) = n22(n−1); Sz(Qn) = n23(n−1); Sz∗(Qn) = n23(n−1).
6. Bipartite graph G:
Sz(G) = Sz∗(G).
7. Tree graph T :
W (T ) = Sz(T ) = Sz∗(T ).
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8. Cartesian product G = HK :
W (G) = W (H)|V (K)|2 +W (K)|V (H)|2,
Sz(G) = Sz(H)|V (K)|3 + Sz(K)|V (H)|3,
Sz∗(G) = Sz∗(H)|V (K)|3 + Sz∗(K)|V (H)|3.
9. Cartesian power Gk:
W (Gk) = kW (G)|V (G)|2(k−1),
Sz(Gk) = kSz(G)|V (G)|3(k−1),
Sz∗(Gk) = kSz∗(G)|V (G)|3(k−1).
6. On the interpretation of the revised Szeged index
We may relate the index to a priori and a posteriori interpretations of graph theoretical invariants, commonly referred
to as topological indices. The former are based on the definition of the underlying mathematical invariants of graphs,
the latter on a property of a particular invariant. While the interpretation of some topological indices in terms of basic
structural concepts such as paths and walks, bond volumes, bond surfaces, and bond accessibility may be straightforward,
interpretation of other indices, including the Wiener number, is far from clear. As soon as the Wiener number appeared,
Platt [30] considered the possible physico-chemical interpretation of this index and suggested its relationship to the
molecular volume. Generalizations of theWiener number called for additional interpretations ofWiener-related topological
indices. Of interest is mentioning here an interpretation of the original Wiener index for trees as an immanent of the
Laplacian of molecular graphs [3]. This new approach has led to an interpretation of the Wiener number as a weighted
sum of matching in the molecular graph of acyclic compounds.
There are several topological indices whose interpretation was proposed a posteriori. Thus Lovász and Pelikan proposed
the leading eigenvalue of the adjacency matrix of trees as an index of graph branching [23]. Randić et al. interpreted the
leading eigenvalue of the D/D matrix as an index of molecular folding [45]. The D/D matrix is defined for graphs and
structures having fixed geometry. The (i, j) element of the D/D matrix is defined as the quotient of the Euclidean distance
(the ‘‘through space distance’’) and the graph theoretical distance (the ‘‘through bonds distance’’) between vertices i and
j. The leading eigenvalue of the path matrix [38,41] was suggested as an alternative branching index for acyclic molecular
graphs. Finally the leading eigenvalue of a binary matrix obtained as the limit of the higher order D/Dmatrices appears to
offer an index of molecular flexibility [46].
Herewewould like to propose an interpretation of the Szeged index and the revised Szeged index,which are conceptually
close to the Wiener index, as descriptors that relate to the ‘‘degree of bipartivity’’ of a graph. As the new index of the
bipartivity we consider the quotient of the Szeged index and the revised Szeged index. The index of ‘‘bipartivity’’, which
has recently received some attention in the literature, measures the degree of departure of a networks from bipartite
networks (networks without odd cycles). Holme et al. [17] proposed twomeasures for quantifying bipartivity, one of which
is computationally intractable, while the other is less complex but also less intuitive. Estrada and Rodríguez-Velázquez [8,7]
introduced a quantitativemeasure of bipartivityβ(G) as the quotient of the number of even closedwalks to the total number
of closedwalks. Došlić and Vukic˘ević [6] consider computations of the smallest number of edges that have to be deleted from
a graph to obtain a bipartite spanning subgraph. This appears similar to the approach of Godsil and Royle [11] who consider
the spanning subgraphs with the maximal number of edges which constitute a bipartite graph and define their measure of
bipartivity as the quotient of the number of edges in such a spanning subgraph and the total number of edges. The search
for a maximal spanning bipartite graph is an NP hard problem [10].
We would like here to propose the quotient of the Szeged index Sz and the revised Szeged index Sz∗ as a measure of the
degree of bipartivity of a graph. Let us start with the complete bipartite graph K2,3 (the first graph of Table 1) and the seven
graphs derived from it by adding additional edges to K2,3, all illustrated in Table 1. At the end one arrives at the complete
graph K5 (the last graph of Table 1). These graphs have been considered by Estrada and Rodrígues-Velázquez, who reported
their β(G) values, which are listed in Table 1. As we see, β(G) varied from 0.829 for the first graph illustrated in Table 1 to
0.579 for the K5 graph. For the same graphs we computed the Szeged index (Sz), the revised Szeged index (Sz∗), and their
quotient, the numerical values for which are listed in Table 1 in the column designated as σ(G). As one can see, there is
a parallelism between our novel measure of the bipartivity σ(G) and the β(G) values (based on the quotient, as a ratio of
the even number of walks to the total number of walks), which is illustrated in Fig. 1. A comparison of the two measures
reveals that the degeneracy of β(G) values for the last two graphs of Table 1 is removed when σ(G) is used. A close look at
Table 1 shows that the Szeged index tends to decrease with increase in the number of edges (and the number of triangles
that they introduce) while the revised Szeged index tends to increase with the addition of edges and as a result we observed
an increase in the sensitivity of the newly proposed measure for the degree of bipartivity of networks. In the last column of
Table 1 we listed the bipartivity measures based on enumeration of the edges in the maximal bipartite subgraph. The index,
which we designated as τ(G), is given as the quotient of the number of edges in the maximal bipartite subgraph and the
total number of edges in a graph. Again we see parallelism with the bipartivity index introduced here, and while our index
shows no degeneracy for the graphs considered, this is not the case with the index τ(G) (Fig. 2).
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Table 1
The Szeged index, the revised Szeged index and the three alternative bipartivity indices for the graph K2,3 and its derivatives.
Graph Sz Sz∗ σ(G) β(G) τ (G)
K2,3 36 36 1 1 1
27 43.25 0.624277 0.829 0.857
19 37.75 0.503311 0.769 0.857
24 49 0.489796 0.731 0.750
17 46.75 0.363636 0.692 0.750
15 54.75 0.273973 0.645 0.667
14 55 0.254545 0.645 0.667
K5 10 62.5 0.16 0.597 0.600
Fig. 1. The parallelism between the bipartivity index of Estrada and the bipartivity index introduced here, given by the quotient Sz/Sz∗ , for the eight
graphs of Table 1.
7. Illustrations
Wewill examine a family of radialene graphs Rn for which we will report the revised Szeged number and the bipartivity
measure. One obtains these graphs by adding a single edge to every vertex of cyclic graphs Cn. The formulas for the Wiener
index, the Szeged index and the revised Szeged index of radialenes are as follows:
Radialenes Rn
n is odd n is even
W (Rn) (n3+4n2−3n)/2 (n3+ 4n2− 2n)/2
Sz(Rn) n3 (n3 + 2n2 − n)/2
Sz∗(Rn) (n3+2n2−n)/2 (n3 + 2n2 − n)/2
Observe that the revised Szeged index has the same formula for even and odd radialenes,which is the same as the formula
for the Szeged index for even radialenes.
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Fig. 2. The parallelism between the bipartivity index based on themaximal bipartite spanning subgraph (τ of Table 1) and the bipartivity index introduced
here, given by the quotient Sz/Sz∗ , for the eight graphs of Table 1.
Fig. 3. The pair of the smallest isospectral graphs.
Fig. 4. The Dürer (left) and the Petersen (right) graphs.
In order to illustrate that it is not easy to guess the relative bipartivities of graphs we calculated the bipartivities for the
pair of the smallest known isospectral graphs having only six vertices, illustrated in Fig. 3. Although both graphs have two
tricyclic components and may be expected to have similar bipartivities, this is not the case. The edge fusion of two triangles
in one of the graphs creates a 4-cycle, which apparently visibly increases the bipartite component of the resulting graph. It
is easy to see that on erasing two edges in the first graph it will becomes acyclic, and hence bipartite, while in the second
graph erasure of a single central edge makes the rest of the graph bipartite. The Sz and Sz∗ indices for the two isospectral
graphs are 23, 50 and 35, 54, respectively. These values give for the bipartivity σ values 0.4600 and 0.6481, showing that
the first graph is visibly less bipartite. This agrees with the fact that the first graph has only odd member cycles, while the
second also has an even member cycle.
Another interesting pair of graphs are the Petersen graph, which is of interest in chemistry as a graph depicting
rearrangement of trigonal bipyramidal complexes [26,2], and the Dürer graph, which is one of generalized Petersen
graphs [27,25], both illustrated in Fig. 4. In this case it is even harder to try to guess which of the two has a greater bipartite
component. The Petersen graph has numerous 5-cycles (and 6-cycles etc.) while the Dürer graph has two 3-cycles, six 5-
cycles etc. However, from the computed Sz and Sz∗ indices, which are 135 and 375 for the Petersen graph and 262 and 742.5
for the Dürer graph, one immediately finds the σ(G) values 0.3600 and 0.3539 respectively, pointing to the Petersen graph
as having fractionally higher bipartivity.
8. Concluding remarks
The first numerical approach to characterization of bipartivity, that of Holme and co-workers [17], is computationally
involved. In the same year, Estrada and Rodrigues-Velazquez outlined a computationally simpler approach based on the
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Fig. 5. Pictorial representation of a graph depicting degenerate rearrangement of tetragonal pyramidal complexes.
ratio of even closed walks to the total number of closed walks in a network. They have given evidence of a higher suitability
of their spectral approach to bipartivity measures as compared to the approach of Holme et al. [17]. In this contribution we
have proposed the quotient Sz/Sz∗ as a measure of bipartivity, which we believe is computationally and conceptually still
simpler, in being related to local network invariants, rather than involving enumerations of subgraphs. Themajor advantage
of the proposed novel approach is that it is computationally based on edge additivity. In the case of edge transitive graphs
(including, of course, vertex and edge transitive graphs), this means that it suffices to evaluate the contribution of a single
edge to obtain the bipartivitymeasure for thewhole system. Similarly, for the case of networks and graphs having symmetry,
it suffices to consider only the subset of symmetry non-equivalent edges.
In Fig. 5 we illustrate a graph that gives a pictorial representation of degenerate rearrangements of tetragonal pyramidal
complexes XY4 studied by Balaban [1], and Randić and Katović [44,39], known in mathematical circles as the line graph of
the Petersen graph (already illustrated in Fig. 4). The line graph L(G) of a graph G is obtained when the set of edges of G are
viewed as vertices of L(G) and edges incident to a vertex of G are taken as adjacent in L(G). The graph of Fig. 5 is vertex and
edge transitive (which can be established by virtue of it being a line graph of the Petersen graph). In order to obtain its degree
of bipartivity let us calculate the edge contributions for Sz and Sz∗. A close look at Fig. 5 reveals that each terminal vertex
of an edge has five nearest neighbors (including the vertex itself) that are closer to each of the terminal vertices, and five
vertices that are at equal distance. From this it follows that Sz = 5× 5 and Sz∗ = 7.5× 7.5, because the five vertices which
are at equal distance are divided equally, adding 2.50 to each vertex forming the edge. From this we obtain for the quotient,
which is the measure of bipartivity of this graph, 25/56.25 or 0.44444. It is interesting that this is the same bipartivity as
we found for K3 (or the triangle graph). Observe that all the calculations can literally be made on the ‘‘back of an envelope’’!
This illustrates the elegance and the simplicity of the approach introduced here.
In the case of graphs of no symmetry or limited symmetry one will have to repeat such calculations for each edge of
the graph that is symmetry non-equivalent. The counting of vertices at the same distance and vertices closest to terminal
vertices of an edge is fairly straightforward even for larger graphs if one uses their Schlegel projections [2,47,48,4]. For
example, consider buckminsterfullerene C60, which is a truncated icosahedron, one of the 13 Archimedean solids, which
comprises 12 regular pentagonal faces, 20 regular hexagonal faces, 60 vertices and 90 edges. Buckminsterfullerene has two
different kinds of CC bonds: 60 CC bonds forming five-member rings and 30 CC bonds exocyclic to five-member rings. For
each of these bonds onehas separately to find thenumber of carbon atoms closest to each terminal carbon forming the bonds.
By inspecting the Schlegel diagram of C60 it is not difficult to find that for a CC bond forming a five-member ring there are
12 carbon atoms at equal distance from both terminal vertices and 24 carbon atoms closer to each of the terminal vertices
making the contributions Sz = 24× 24 = 576. To obtain the contributions to Sz∗ one has to add six carbon atoms to each
terminal vertex, obtaining thus Sz∗ = 30×30 = 900. From this it follows that the CC bonds forming the five-member rings
contribute to the bipartivity Sz/Sz∗ = 576/900 = 0.64000.When the same considerations are made for CC bonds exocyclic
to five-member rings one finds from the Schlegel diagram of C60 that now there are 26 carbon atoms closest to each terminal
vertex while eight are at the same distance, giving Sz = 26× 26 = 676 and the quotient Sz/Sz∗ = 676/900 = 0.751111.
The weighted average [60× 0.640000+ 30× 0.751111]/90 gives Sz/Sz∗ = 0.677037, a value that is close to the value for
azulene (a bicyclic systemhaving a five-member ring and a seven-member ring fused). Observe that herewe have calculated
the bipartivity of a 60-vertex graph in a few simple arithmetic steps.
There is a natural difference between theWiener index and the three indices described above. For theWiener index one
may usually compute the contribution of each edge and sum the contributions. However, in the case of trees one can also
obtain theWiener index by adding vertex contributions simply by adding entries in each of the rows of the distance matrix.
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Similarly, for the Szeged index one can compute edge contributions and sum the edge contributions, but one can no longer
use the distancematrix to obtain the result for the graph as a whole. The same is true for the revised Szeged index. The latter
approach may also be used for the Wiener index as shown in [28]; however, the computations are more involved.
Finally, in this paper some basic properties and computations of the revised Szeged index are presented. We also
corrected some errors in Ref. [52]. We hope to examine additional graphs and networks in a closer examination of the
relationship between the indices W (G), Sz(G) and Sz∗(G). Such study has gained in importance in view of the combined
use of Sz and Sz∗ as a measure of network bipartivity. We should add that the revised Szeged index Sz∗ may be viewed as
the ‘‘correct’’ generalization of the Wiener index to cyclic systems. That it has some promise in structure–property–activity
studies had already been illustrated in the paper in which it was introduced [34]. In contrast the initial Szeged index, Sz, as
has been documented by Gutman et al. [5], for a number of correlations of different physico-chemical properties for cyclic
hydrocarbons, has shown regression correlations which are at best as good as those using theWiener index, or not so good.
From this the authors concluded that the use of Sz has no advantage over the use of the much older Wiener index, and on
the basis of this, it should be abandoned.
The unexpected result of the present work is to show that the combination of simple ‘‘topological indices’’ can lead to a
useful novel measure of bipartivity of networks and graphs. This success raises a question [49]: Is it possible that quotients
of other pairs of graph invariants are also suitable as bipartivity indices? Quotients of graph invariants have not been much
investigated and it is possible that some such quotients may offer novel descriptors for structure–property–activity studies.
One such descriptor type, designated as X ′/X , has been defined by summing the contributions over all edges for the quotient
of a graph invariant X in a graph and in a subgraph G′, in which single edge has been deleted [40,32,33,31]. One may assert
that it is doubtful that molecular descriptors that offer fair correlations for selected molecular properties and thus treat
bipartite and non-bipartite molecules similarly will offer a useful measure of bipartivity, because, with the exception of
the Szeged index, they all treat odd and even rings in graphs equally. In fact, the Szeged index not treating odd and even
rings in molecules equally and thus not reflecting the molecular size uniformly, as argued in Ref. [19], is the reason for its
failure in quantitative structure–property relationship (QSPR) studies. Thus it appears that indices that measure the degree
of bipartivity are incompatible with the size dependence of molecular descriptors, which is one of the prerequisites for
their good performance in structure–property–activity studies. We would like to point out that the while we consider the
quotient Sz/Sz∗, relating to bipartivity, which varies in the range 0 ≤ Sz/Sz∗ ≤ 1, and assumes the limiting value of 1 for
bipartite graphs, the quotient of the Wiener number and the revised Szeged index W/Sz∗, which also varies in the range
0 ≤ W/Sz∗ ≤ 1, and assumes the limiting value of 1 for tree graphs, has been introduced in [29] as a measure of arboreality
of graphs, that is a measure of the departure of graphs having rings from trees.
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